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Probabilistic Termination Asymptotic Bounding Functions (ABF)

o | Used to automate proof rules. Let E be a polynomial over program variables.
Does a probabilistic program with loops stop?

u(i)
Important for safety analysis of stochastic systems Hard (in general undecidable) problem

run of E,

Finite Expected Termination with

Termination == probability 1 ‘(
PAST AST A

Lower bounding function I(i) for E: Eventually and almost-surely
E is greater-or-equal than I(i)

08

Our tool Amber automatically checks PAST, AST and their negations for
specific probabilistic loops with loop guard G, supporting polynomial

arithmetic. The techniques are based on algebraic recurrences. Upper bounding function u(i) for E: Eventually and aimost-surely
E is smaller-or-equal than u(i)

Automated Proof Rules

Computing ABFs
. | | L
Ranking-Supermartingale-Rule: Y = 105 y i= 0 Updates to xy
f E(Gii; — G| F;) < —€then the program is PAST 1 while x > 0: Xy = xy-8y2-16y+x-8 [0.5]
= y+1 2

: i = i-Sy [0.5] Xx+y2 xy+3y*- 3y+x+1 [0.5]
Supermartingale-Rule: | _
1.E(G,,; - G |F ) <0 1 1 | -
2 P(Gm < Gi _ d(Gl) | Fi ) > p(G|) for antitone functions p,d Stochastic Recurrences Solve inhomogeneous

art recursivel
If (1) and (2) hold, then the program is AST Xy(n+l) = K&/Z(m—wy(nhme..ﬂ, IDﬁterminates >t/>ecause of

xy(np+3y2(n)- 3y(n)+x(n)+1 {0.5] acyclic variable
dependencies

Repulsing-AST-Rule:

1.E(G - Gy | F ) < —€ / \

2. Differences of G bounded by ¢ Lower Bound Upper Bound
If (1) and (2) hold, the program is not AST. @ﬂ) = xy(n)-n2)[0.5] @nﬂ) = xy(n)+n3>[0.5]

+n3 [0.5]

Conditions turn out to be polynomial inequalities over program variables.
We use Asymptotic Bounding Functions to check all of them.

solve dominated branch

xy{mJ+n3 [0.5]
Amnant branch

-n3® £ xy(n) £ n*

Visit probing-lab.github.io for more



